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Robust Subspace Clustering by Logarithmic
Hyperbolic Cosine Function
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Abstract—As an important category of clustering methods, sub-
space clustering algorithms have arisen particular attention during
the last decade. Most subspace clustering algorithms are designed
by first constructing a similarity matrix and then using spectral
clustering algorithms to perform clustering. How to learn a suit-
able representation matrix to construct the similarity matrix is
essential to the clustering performance. In most existing algorithms,
the representation matrix is solved by norm-minimization, which
commonly enforces the error matrix with nuclear norm or sparsity
norm. However, these methods may fail to achieve satisfactory
performance for real data contaminated by complex noise. To
this end, we propose a novel robust subspace clustering method
based on the Logarithmic Hyperbolic Cosine Function (LHCF).
We theoretically analyze the grouping effect, as well as the conver-
gence behavior, which illustrates that highly correlated samples can
be grouped into the same cluster. Experimental results conducted
on the Extended Yale B dataset show that the newly proposed al-
gorithm yields better clustering performance compared with some
advanced methods.

Index Terms—Complex noise, convergence behavior, grouping
effect, logarithmic cosine function, subspace clustering.

I. INTRODUCTION

IN MACHINE learning, subspace clustering technique has
been rapidly developed and widely used in various scenarios

over the last decade, e.g., face clustering [1], [2], motion seg-
mentation [3], [4], and character recognition [5], [6]. Subspace
clustering aims to recover the underlying low-dimensional
subspace structures and then divide samples into the corre-
sponding groups [7], [8]. Subspace clustering methods mainly
involve iterative methods [9], [10], algebraic methods [11], [12],
statistical methods [13], [14], and spectral clustering-based
methods [15], [16], among which spectral clustering-based
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methods have received particular attention due to their
satisfactory clustering performance even in the case of lacking
some priori information. Basically, we can implement spectral
clustering algorithms by two steps [17], [18], [19]: 1) learn the
representation matrix to construct a similarity matrix; 2) perform
a spectral clustering algorithm on the similarity matrix to find
clusters.

In [20], the author first studied the Sparse Subspace Clustering
(SSC) algorithm based on a fundamental observation concern-
ing sparse representation of data points, but SSC is not able
to exploit the correlation information of data from the same
subspace. Aimed at recovering the subspace structures from
unclean data, the Low-rank Representation (LRR) algorithm was
put forward in [21] by seeking the lowest rank representation,
which takes into account the correlation information of data.
Essentially, SSC and LRR can be distinguished from the regu-
larization on representation matrix: SSC enforces the represen-
tation matrix with sparse norm while LRR employs the nuclear
norm.

It is important to note that effectively utilizing the block
diagonal property can significantly improve the accuracy of
clustering results [22]. In order to ensure the block diagonal
property between-cluster as well as the within-cluster affinities,
the Least Squares Regression (LSR) algorithm was proposed
with Frobenius norm enforced on its representation matrix [23],
[24]. To balance SSC and LSR, the author used trace Lasso
to propose the Correlation Adaptive Subspace Segmentation
(CASS) algorithm [25]. CASS is able to simultaneously execute
data selection and cluster correlated data, thanks to the adaptive
characteristic of trace Lasso. In practical scenarios, the sampling
data are often contaminated by complex noise, thus the above
mentioned methods may suffer from performance degradation.
In [26], the author proposed a Robust Subspace Segmentation
(RSS) scheme based on establishing a framework to find the
representation of data and the similarity matrix in a unified
way, which improves the robustness against heavily noisy data.
In [27], the Cauchy Loss Function (CLF) was used for designing
a robust subspace clustering scheme.

In this letter, we focus on the investigation concerning robust
subspace clustering. Our contributions mainly include:
� A novel subspace clustering algorithm based on the Loga-

rithmic Hyperbolic Cosine Function (LHCF) is proposed.
Compared with the commonly used l1 loss, the influence
function of LHCF (it first derivative) is bounded with-
out discontinuities [28], which makes it more suitable
for gradient-based optimization algorithms as well as im-
proves the model robustness. Thus, LHCF is expected to be
a good candidate to reduce the negative effects of complex
noise.
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Fig. 1. Graphical curves of LHCF and its derivative for different α.

� The grouping effect as well as the convergence behavior of
the newly proposed method is theoretically analyzed.

� Experiments carried out on the Extended Yale B dataset
illustrate that the new method provides more favorable
clustering performance than some advanced algorithms.

II. ROBUST SUBSPACE CLUSTERING BY LHCF

In this section, we briefly review the fundamental concept
of subspace clustering. Then, we introduce LHCF. Finally, the
detailed derivation of the algorithm is presented.

A. Preliminary

Let X = [X1, . . . ,Xk] = [x1, . . . ,xn] ∈ Rd×n denote a set
of data vectors draw from a union of k linear subspaces {Si}ki=1,
where Xi is a collection of ni data vectors drawn from the
subspaceSi, and n =

∑k
i=1 ni. The goal of subspace clustering

is to segment the data according to the underlying subspaces they
are drawn from.

Generally, spectral clustering-based subspace clustering al-
gorithms can be derived by solving the following optimization
problem

min
Z,E

f(Z) + g(E)

s.t.X = XZ+E, (1)

where X is the raw data matrix, Z is the representation matrix to
be learned, E is the noise-induced matrix. The functions f(Z)
and g(E) are used to restrict Z and E, respectively. In SSC,
l1-norm is used to regularize Z, while in LRR, nuclear-norm is
enforced on Z.

B. Logarithmic Hyperbolic Cosine Function

We consider a robust function called LHCF, which is defined
by

g(x) = ln[cosh(αx)], (2)

where α is a scaling factor. The first derivative of LHCF is given
by

g′(x) = α tanh(αx). (3)

Fig. 1 shows the graphical curves of LHCF and its derivative for
different α. It is seen that the derivative of LHCF is bounded
such that the large outliers can be effectively suppressed. As a
result, even in the presence of large noise, LHCF is capable of
providing good robustness. Moreover, changing the value of α
results in a range of distinct suppression effects.

Algorithm 1: Learn the Representation Matrix.

Input: X, and λ and α, initialization: Z0 = 0, iteration
i = 0

Output: representation matrix Z∗ after convergence
1: while not convergent do
2: Ui+1 ← X−XZi

3: V i+1 ← α tanh(α‖Ui+1‖2F )
4: Zi+1 ← V i+1(V i+1XTX+ λI)−1XTX
5: end while

C. Proposed Method

1) Learning of the Representation Matrix: In this work, our
focus is on the design of robust loss function. For simplicity, we
use the Frobenius norm for noise-induced matrix and represen-
tation matrix. Based on LHCF, we define:

min
Z,E

ln(coshα‖E‖2F ) + λ‖Z‖2F
s.t. X = XZ+E, (4)

where ‖ · ‖F denotes the Frobenius norm, and the parameter λ
is used to balance the representation matrix term. It is easy to
equivalently formulate (4) as

min
Z

L = ln(coshα‖X−XZ‖2F ) + λ‖Z‖2F . (5)

Upon taking the derivative of the above function with respect
to the representation matrix, we obtain

∂L

∂Z
= −2α tanh(α‖X−XZ‖2F )XT (X−XZ) + 2λZ. (6)

By setting (6) to zero, we have

(α tanh(α‖X−XZ‖2F )XTX+ λI)Z

= α tanh(α‖XF −XZ‖2F )XTX. (7)

Then, we obtain⎧⎨
⎩
U = X−XZ
V = α tanh(α‖U‖2F )
Z = V (VXTX+ λI)−1XTX,

(8)

where U is the residual matrix, and V is served to lessen the
negative effects of complex noise. We can see that the calculation
of V relies on the information of representation matrix Z, so it
is natural to update Z in an iterative way. The update process of
(8) is summarized in Algorithm 1. It is readily apparent that the
computational complexity of learning the representation matrix
at each iteration is O(n3).

2) Subspace Clustering by LHCF: Given that the represen-
tation matrix Z∗ is obtained in Algorithm 1, we next utilize the
spectral clustering framework to find clustering results. First, the
similarity matrix W is calculated by W = (|Z∗|+ |Z∗|T )/2,
where (·)T serves to transpose the matrix. Then, via Normalized
Cuts [29], we are able to complete the clustering task based on
Z. For more details, one can refer to Algorithm 2.

III. THEORETICAL ANALYSIS

In order to illustrate that our method is able to correctly find
clusters, we theoretically analyze the grouping effect as well as
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Algorithm 2: Subspace Clustering using LHCF.
Input: data matrix X, number of clusters k
Output: data clustering results

1: Obtain Z∗ by Algorithm 1.
2: Compute W by W = (|Z∗|+ |Z∗|T )/2.
3: Apply Ncut to W to accomplish the clustering task.

the convergence behavior in this section. Before performing the
analysis, it is necessary to reformulate (5) as

min
z1,...,zn

L(Z)=ln

⎛
⎝coshα

n∑
j=1

‖xj−Xzj‖22

⎞
⎠+λ

n∑
j=1

‖zj‖22,

(9)
where zj is the representation vector of xj .

A. Grouping Effect

Theorem 1: Given a data vector x ∈ Rd, the normalized data
matrix X ∈ Rd×n, parameters α and λ. Let z∗ be the optimal
solution to the following problem :

min
z

ln(coshα‖x−Xz‖22) + λ‖z‖22. (10)

Then, one obtain ∣∣z∗p − z∗q∣∣
‖x‖2 ≤ α

λ

√
2(1− r), (11)

where z∗p and z∗q are the pth and qth elements of z∗, respectively,
and r = xT

p xq, with xp and xq being the pth and qth columns
of X, respectively.

Proof: Let

φ(z) = ln(coshα‖x−Xz‖22) + λ‖z‖22. (12)

Due to z∗ = argminz φ(z), we have

∂φ(z)

∂z

∣∣∣∣
z=z∗

= 0. (13)

such that{−2α tanh(α‖x−Xz∗‖22)xT
p (x−Xz∗) + 2λz∗p = 0

−2α tanh(α‖x−Xz∗‖22)xT
q (x−Xz∗) + 2λz∗q = 0.

(14)
Subtracting the above two equations from each other, we

arrive at

z∗p − z∗q =
α tanh(α‖x−Xz∗‖22)

[
(xT

p − xT
q )(x−Xz∗)

]
λ

.

(15)
Taking the absolute value of (15) gives rise to

∣∣z∗p − z∗q∣∣ =

∣∣∣∣α tanh(α‖x−Xz∗‖22)
λ

∣∣∣∣ ∣∣(xT
p − xT

q )(x−Xz∗)
∣∣

≤ α

λ

∣∣(xT
p − xT

q )(x−Xz∗)
∣∣ .

(16)
It should be aware that the resulted inequality is inspired by 0 ≤
| tanh(α‖x−Xz∗‖22)| ≤ 1. Then, according to the Cauchy-
Schwarz inequality, we further have∣∣z∗p − z∗q∣∣ ≤ α

λ
‖xT

p − xT
q ‖2‖x−Xz∗‖2. (17)

Since each column of X is normalized, it is straightforward
that ‖xT

p − xT
q ‖2 =

√
2(1− r). As z∗ is the optimal solution

to the problem (10), it follows that

ln(coshα‖x−Xz∗‖22) ≤ ln(coshα‖x−Xz∗‖22) + λ‖z∗‖22
= φ(z∗) ≤ φ(0) = ln(coshα‖x‖22).

(18)
Therefore, ‖x−Xz∗‖22 ≤ ‖x‖22 holds. Combining (17) and
(18), we have

∣∣z∗p − z∗q∣∣ ≤ α

λ

√
2(1− r)‖x‖2. (19)

If xp and xq are highly correlated (r is close to 1), then |z∗p −
z∗q| is approximately zero, which implies that xp and xq can be
grouped into the same cluster. The proof of grouping effect is
completed.

B. Convergence Analysis

In this subsection, we perform the convergence analysis of
Algorithm 1 by using the Weiszfeld’s method [30] which enables
global approximation of a function using a sequence of quadratic
function [31]. With (9), the solution Z in (8) can be equivalently
transformed to

zj = V (VXTX+ λI)−1XTxj , j = 1, 2, . . ., n. (20)

Now assuming a representation matrix Zi at iteration i, we
denote ϕ(zj ; zij) as the upper bound of L(zj), where L(zj)
is obtained by maintaining other variables in L(Z) fixed. It is
required for ϕ(zj ; zij) to satisfy the following conditions:

{
ϕ(zij ; z

i
j) = L(zij)

ϕ′(zij ; z
i
j) = L′(zij).

(21)

Then, ϕ(zj ; zij) takes the form

ϕ(zj ; z
i
j) = L(zij) + (zj − zij)

TL′(zij)

+ (zj − zij)
Tψ(zij)(zj − zij), (22)

with

ψ(zij) = α tanh(α‖X−XZi‖2F )XTX+ λI, (23)

being a symmetric matrix. The Algorithm 1 is guaranteed to be
convergent according to Theorem 2 below.

Theorem 2: The function (9) is monotonically decreasing
under algorithm 1, i.e., L(Zi+1) ≤ L(Zi).

Proof: Suppose that ϕ(zj ; zij) is a locally convex function
with respect to zj and exists a minimum value at zi+1

j , then we
have

ϕ′(zi+1
j ; zij) = L′(zij) + 2ψ(zij)(z

i+1
j − zij) = 0. (24)

By choosing zij near zj , we have L(zj) ≤ ϕ(zj ; zij), then

L(zi+1
j ) ≤ ϕ(zi+1

j ; zij)

= L(zij) + (zi+1
j − zij)

TL′(zij)

+ (zi+1
j − zij)

Tψ(zij)(z
i+1
j − zij). (25)
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Fig. 2. Examples of Extended Yale B.

From (24) and (25), we deduce

L(zi+1
j )− L(zij) ≤ −(zi+1

j − zij)
Tψ(zij)(z

i+1
j − zij)

≤ −λ‖zi+1
j − zij‖22 ≤ 0, (26)

which implies

L(zi+1
j )− L(zij) ≤ 0. (27)

Based on (27) and (9), it is easy to verify

L(Zi+1) ≤ L(Zi). (28)

The proof of convergence analysis is completed.

IV. EXPERIMENTS

In what follows, we test the new method by conducting
experiments on the Extended Yale B dataset. It is challenging
to perform clustering on Extended Yale B since this dataset
is significantly corrupted by “shadows”. The Extended Yale
B dataset contains 2414 face images of size 192× 168 from
38 subjects. We show some examples of Extended Yale B in
Fig. 2, and obviously see that this dataset is noisy. There-
fore, it is appropriate to choose this dataset to evaluate the
algorithm robustness. We compare our algorithm with some
popular algorithms, including the K-Means [32], SSC [20],
LRR [21], LSR [23], CASS [25], and RSS [26]. To measure
the algorithm performance, the clustering accuracy (CA) and
normalized mutual information (NMI) are used as evaluation
metrics. In our experiment, we consider the first 3, 4, 5 subjects
for subspace clustering tasks. Experiments are conducted on a
remote computing platform integrated with Intel(R) Xeon(R)
Gold 6240 CPU of 2.60Ghz.

A. Data Preprocessing and Algorithmic Setting

To facilitate the model training, we utilize a typical prepro-
cessing mechanism for raw data. Specifically, we first resize the
original images to 32× 32, and then normalize the image pixel
values to [0, 1]. Finally, principal component analysis is used to
maintain nearly 98% energy by reducing the data dimension.

For all algorithms involved, their parameters are set to achieve
the best performance or the recommended parameters are used in
the corresponding papers. For a fair comparison, the associated
regularization parameters of all the methods involved (except
the suggested parameter setting for RSS in [26]) are carefully
tuned over the range [10−5, 105] with a grid size {10−5, 5×
10−5, 10−4, 5× 10−4, . . . , 5× 104, 105}. Apart from the regu-
larization parameter in our method, the scaling factor α is also
carefully tuned over the range of [10−5, 105]. The optimal value
of α is determined to achieve the best performance.

TABLE I
CLUSTERING ACCURACY (%) OF DIFFERENT SUBSPACE CLUSTERING

ALGORITHMS

TABLE II
NORMALIZED MUTUAL INFORMATION (%) OF DIFFERENT SUBSPACE

CLUSTERING ALGORITHMS

B. Experimental Results

Tables I and II record the experimental results of CA and
NMI of different subspace clustering algorithms, respectively.
To highlight some important results, we use regular bold font
to mark the best performance, and italic bold font to mark the
second best performance.

We can see from Table I that K-means shows the poorest
clustering performance. In comparison, SSC and LRR have sig-
nificant accuracy improvement, but their performance is inferior
to LSR, RSS and our algorithm. Our algorithm achieves the best
performance on the average accuracy and maximum accuracy in
the case of 3 subjects and 4 subjects. Despite that the clustering
accuracy of RSS is slightly higher than our algorithm in the
case of 5 subjects, the newly proposed algorithm is still a better
clustering scheme by comprehensively considering all the cases.
In Table II, it is also clear that our algorithm is a better choice
for subspace clustering in terms of NMI. Overall, our proposed
method is able to provide good clustering results.

V. CONCLUSION

In this letter, we proposed a novel robust subspace clustering
algorithm. Specifically, our method was derived based on the
LHCF loss function that is useful in suppressing complex noise.
We also analyzed the grouping effect as well as the convergence,
theoretically illustrating that highly correlated samples can be
grouped into the same cluster. Experimental results conducted
on the Extended Yale B dataset have demonstrated the superior-
ity of algorithm.
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